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What particle shape will generate the highest packing fraction when randomly poured into a con-
tainer? In order to explore and navigate the enormous search space efficiently, we pair molecular
dynamics simulations with artificial evolution. Arbitrary particle shape is represented by a set of
overlapping spheres of varying diameter, enabling us to approximate smooth surfaces with a res-
olution proportional to the number of spheres included. We discover a family of planar triangular
particles, whose packing fraction of φ ∼ 0.73 outpaces almost all reported experimental results
for random packings of frictionless particles. We investigate how φ depends on the arrangement
of spheres comprising an individual particle and on the smoothness of the surface. We validate
the simulations with experiments using 3D-printed copies of the simplest member of the family, a
planar particle consisting of three overlapping spheres with identical radius. Direct experimental
comparison with 3D-printed aspherical ellipsoids demonstrates that the triangular particles pack
exceedingly well not only in the limit of large system size but also when confined to small contain-
ers.
The relationship between particle shape and packing density for
random particle arrangements continues to be a topic of consider-
able interest.1–3 Going beyond spherical particles, there has been
much recent progress for polyhedral or polygonal shapes,4–9 el-
lipsoids, cuboids, or ‘superballs,’10–15 cylinders, cones, and frus-
tums of different aspect ratios,16–18 as well as various types of
particles constructed by joining disks or spheres.11,19–25 Further-
more, in the last few years, increasing attention has been paid
to particles that are highly non-convex or are sufficiently flexible
to assume non-convex shapes during the packing process.14,26–34
In almost all cases, these studies proceeded from a given parti-
cle type to find the packing density. What has remained a ma-
jor challenge is a general and systematic approach to the inverse
problem: taking desired packing properties as a starting point to
identify the appropriate particle shape.
To make progress, it is necessary to address three main obsta-
cles. Firstly, shape is an infinitely variable parameter, rendering
an exhaustive investigation of all possible particle shapes infeasi-
ble and instead requiring a smart approach to quickly narrow the
search. The second obstacle relates to the fundamental nature of
amorphous, jammed aggregates. Because a jammed system exists
far from equilibrium, the packing density φ can be affected not
only by particle geometry but also by boundary and processing
conditions. These effects become particularly pronounced when
extrapolating from finite size experiments and simulations to the
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properties of an infinite system. Finally, different shapes may gen-
erate similar packing fractions when assembled into an aggregate
under particular processing conditions, so that for a given level of
approximation to the desired target density a multitude of shapes
may emerge as viable candidates.
Here we address the specific question of finding particle
shapes that achieve high random packing density. We tackle the
above obstacles by using an approach developed recently by our
group,24,25 which treats the inverse problem as an optimization
task within the context of artificial evolution. With this method,
we turn the complex relationship between particle shape and
packing density into a high-dimensional search landscape, where
a physically accurate simulation generates a random packing and
measures φ for a trial particle shape to be tested, and an efficient
evolution algorithm mutates and updates this shape to maximize
φ .
In our previous work,24,25 particles of arbitrary shape were
represented by a series of bonded spheres of varying radii, con-
strained to be touching at their contacting surfaces. With this
shape representation, the particle type found by the optimizer
to produce the densest random packing was a 3-sphere ‘granu-
lar molecule’ giving φ = 0.67 ± 0.03. In this trimer particle,
a central sphere is bonded to two smaller spheres of 1/3 the di-
ameter at a bond angle of 70◦(Fig. 1a). Approximating arbitrary
shapes by bonded spheres is efficient in simulation due to the sim-
plicity of force calculations when two particles come into contact.
However, using non-overlapping spheres causes the surface of the
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Fig. 1 Particle shapes producing high random packing densities. a)
Optimized trimer for non-overlapping spheres. 24,25 b) Ellipsoid,
composed of 17 overlapping spheres. c) Overlapping-sphere trimer,
representative of a class of planar triangular shapes identified by our
algorithm as packing most densely. Each constituent sphere of radius a
is a separated by a distance ∆a from the particle’s center of mass. d)
Overlapping-sphere trimer with additional spheres smoothing out the
shape. The resulting packing fraction remains within the simulation
uncertainty of the trimer.
particle to be corrugated. This ‘geometric friction’ is known to af-
fect the packing density11 and frustrates attempts to extrapolate
results to particle shapes with smooth, non-corrugated surfaces.
We move beyond this approach by allowing the constituent
spheres comprising an individual particle to overlap as well as
vary in diameter. The spheres composing a particle are placed
in sequence, so that each sphere is described by a bearing rela-
tive to the previous sphere placed, consisting of two angles, and
a radius, identical to our previous ‘bonded sphere’ parameteriza-
tion. Now we introduce an additional degree of freedom, adding
a parameter to specify the degree of overlap of a sphere with the
previous sphere placed. With this we gain the ability to approxi-
mate a smooth, continuous surface with a precision proportional
to the number of constituent spheres, while retaining the simplic-
ity of sphere-to-sphere force calculations. In this way, we vastly
expand the range of particle shapes accessible to the optimizer,
enabling it to explore shapes such as smooth ellipsoids (Fig. 1b)
that previously were out of reach.
With this framework in place, we focus on the task of finding
the highest packing fraction achievable with compound particles
composed of N overlapping, frictionless spheres of arbitrary di-
ameters, poured into a container under gravity. We chose this
problem because it allows us to compare with shapes previously
identified in the literature as good packers. It also enables us to
perform direct validation experiments with 3D-printed versions
of the shapes identified by the optimizer, linking our work to a
wide range of applications in the area of granular materials.
We had expected that the shape packing most densely may ap-
proximate an ellipsoid, following trends identified by Donev et
al.35, or alternatively may turn out to be a variation on the trimer
in Fig. 1a. Instead, the optimizer identified a completely dif-
ferent shape: a planar triangular ‘molecule’ that in its simplest
form is composed of three overlapping spheres of the same diam-
eter, arranged in a roughly equilaterial triangle (Fig. 1c). When
additional spheres are added to smooth out dimples (Fig. 1d)
the packing fraction is affected very little. Both simulations and
experiments indicate that this triangular particle type packs at re-
markably high densities, near φ = 0.73, in the limit of infinite
system size.
1 Simulation & Optimization
The backbone of our optimization pipeline was the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES),36 a robust, fast
and efficient algorithm that is successful even when confronted
with complex nonlinear problems.37 In prior work we found
CMA-ES to deliver excellent performance in optimization prob-
lems ranging from the packing of granular materials24,25 to di-
rected self-assembly of copolymers.38,39 The evolutionary algo-
rithm worked in concert with molecular dynamics simulations of
‘virtual experiments,’ providing input parameters to these simu-
lations and updating the parameters according to the simulated
outcome in relation to the optimization target (for details see Ref.
25).
We used the molecular dynamics simulation platform
LAMMPS40 to pour ∼900 frictionless particles under gravity into
a three-dimensional box of side length ∼10d, where d is the char-
acteristic size of a single particle. To mitigate wall effects, the box
was periodic in x and y, and we excluded all particles within 3d
from the floor of the container from our calculation of packing
fraction. The forces between contacting spheres were calculated
using a frictionless Hertzian model, where the material density
and elastic constant of the particles were chosen to be consistent
with the hard resin (Vero White, with measured Young’s modulus
≈ 1.3GPa24) used in our Connex Objet 350 3D-printer for exper-
imental validation (discussed further below).
During each generation of the evolutionary algorithm, a popu-
lation of 40 different particle shapes, each composed of N over-
lapping spheres, was generated and 40 packing experiments, one
for each particle type, were simulated in parallel. With this proto-
col, we simulated a poured aggregate for each particle shape in a
population and calculated the resulting packing densities. These
data were then used by the optimizer to produce the next genera-
tion of particle shapes, suitably mutated to explore shape space in
search of potentially higher packing densities. Note that the op-
timizer could set the radii ai of one or more constituent spheres
to zero; thus N should be thought of as the maximum possible
number of spheres per particle.
Over the course of 200—300 generations, the optimizer con-
verged on an asymptotic solution.
1.1 Results
In the results reported here, we performed optimizations where
we allowed the optimizer to use up to N = 5, 10 or 25 spheres of
arbitrary radius in composing each particle, testing a population
of 40 different particle shapes in each generation. As the number
2
1 SIMULATION & OPTIMIZATION 1.1 Results
Fig. 2 Evolution of the particle shape. The plots give the median packing density in each generation as the optimizer explores shape space for
different number of constituent spheres N = 5, 10, 25 (panels a-c). The images show representative snapshots of members of the shape population at
various generations.
of constituent spheres increases, and with it the number of free
parameters, the number of generations required to converge on a
solution also grows.
When only 5 spheres are used to compose each particle (Fig.
2a), the optimizer identified an overlapping-sphere trimer in
which three spheres are arranged, in a plane, symmetrically about
the particle’s center of mass (Fig. 1c). In this shape, the three
spheres have the same radii ai = a within our numerical accuracy,
and they overlap by nearly the same amounts such that the dis-
tance from the center of mass ∆a ranges between 0.43a and 0.48a
for each of the spheres. Our simulations predict that this shape
will pack at approximately 0.729±0.003, significantly higher than
the non-overlapping-sphere trimer (Fig. 1a), and nearing theoret-
ical predictions41 of the density of lens-shaped particles, at 0.736,
as well as previous experimental results42 for specific aspherical
ellipsoids at 0.735 to 0.74.
As we increase the number of allowed spheres used to com-
pose each particle from 5 to 10 (Fig. 2b), the final result of the
optimization retains the general characteristics of the trimer, but
with some variations. It seems that the 10-sphere optimization at-
tempts to smooth the slightly scalloped edge of the trimer while
remaining planar and overall triangular. Within our numerical
accuracy, the final packing fraction is indistinguishable from that
for N = 5.
Allowing the optimizer to choose the positions of up to N =
25 spheres continues this trend (Fig. 2c). The final result moves
further from the scalloped, 3-sphere shape and more towards a
smooth triangular shape. Indeed, if we smooth out the edges of
the trimer by adding additional spheres ‘by hand’ (Fig. 1d), the
packing fraction increases only slightly to 0.733±0.005, within
error of the trimer result. However, while the optimizer tends to
prefer the smoother shape given the additional freedom of more
spheres, it eventually runs out of steam when the uncertainty in
packing density determination at each generation becomes larger
than the potential advantage gained from smoothing out the tri-
angular shape. Interestingly, the optimizer retains the planar
shape independent of the number of spheres allowed for each
particle, indicating that the oblate nature of the trimer plays a
definite role in its success.
In what follows we focus on the trimer composed of three iden-
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Fig. 3 Radial distribution function g(r) for the overlapping-sphere trimer
as function of center-to-center distance r between trimers. The radius of
each individual sphere making up a trimer is a, so that two particles can
touch at r = 2a. Common configurations of two contacting trimers
corresponding to four features in g(r) are indicated with stylized triangles
for clarity.
tical, overlapping spheres (Fig. 1c) as the representative of a fam-
ily of planar triangular shapes that generate similarly dense ran-
dom packings. The simplicity of this trimer allows us to readily
investigate the dependence of each sphere’s position on the ag-
gregate packing fraction, and is also an interesting testament to
the success of non-convex, corrugated shapes in achieving large
φ .
We have found no prominent structural features in the pack-
ing arrangement responsible for this remarkably dense packing.
Significant local particle ordering or a preference for particular
orientations between neighboring particles appear to be absent.
In Fig. 3, we plot the radial distribution function for the trimer,
which was calculated in a packing composed of about 10,000 par-
ticles. These data show peaks for a number of likely configura-
tions of contacting particles, but they do not exhibit characteris-
tics that could pinpoint the reason for this shape’s success.
On the other hand, the trimer’s particular geometry appears
to place it near the optimal aspect ratio identified previously for
three-dimensional lens-shape particles. Defining the aspect ratio
α in the same way as Baule et al.41, by the ratio of particle width
3
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Fig. 4 a) Increasing or decreasing the center-to-center distance ∆a/a of the constituent spheres from the value identified by the optimizer negatively
affects the packing density. b) Dependence on in-plane sphere arrangement, parameterized by angle θ , as defined in the inset. c) Adding spheres
in-plane to the trimer does not positively affect its packing properties. d) Packing density of prolate ellipsoids approximated by N overlapping spheres.
to particle length measured along the axis of symmetry, we find
α ∼ 0.74 for the trimer. For oblate, lens-shaped particles, mean-
field theory predicts41 φ to peak within the region α = 0.75-0.85.
1.2 Robustness
It is valuable to investigate how perturbations in shape affect φ .
In Fig. 4, we varied the distance of each sphere from the trimer’s
center of mass, the angle formed by two constituent spheres and
the horizontal, and the number of spheres arranged isotropically
around the particle’s center of mass.
From Fig. 4a it is clear that any radial expansion or contrac-
tion of the trimer from the value optimized by the evolutionary
algorithm will negatively affect the packing fraction. The quan-
tity ∆a/a describes the degree of separation between the spheres,
where ∆a is the distance of each sphere from the center of mass
of the trimer and a is the radius of each constituent sphere. As
the spheres move closer, φ decreases toward the random packing
density of single spheres. Once ∆a/a increases beyond 0.5, the ad-
ditional space created between constituent spheres, coupled with
the surface corrugation, again drives the packing fraction lower.
This non-monotonicity is also seen in a similar context in Refs. 11
and 23, indicating a more general relationship between the de-
gree of corrugation of overlapping spheres and packing fraction.
Varying the angle θ between two constituent spheres and the
horizontal, while keeping the distance between the lower spheres
fixed, exhibits a much less sensitive effect on packing fraction,
which only decreases by a large margin when the three spheres
begin to separate (Fig. 4b). Adding additional spheres within
the plane of the trimer decreases φ , indicating that the triangular
shape of the trimer contributes to its success over a more square
or disk like shape (Fig. 4c).
Previous research showed35 that prolate ellipsoids with an as-
pect ratio of 1.5:1 pack at φ ∼ 0.71. To probe the effect of geomet-
ric friction, we composed ellipsoids of this aspect ratio using vary-
ing numbers of spheres, N. As N increases, the ellipsoid becomes
increasingly smooth (Fig. 4d). When about 10 spheres are used,
the packing fraction asymptotes at almost exactly the value pre-
dicted, significantly below that of the overlapping-sphere trimer.
Further work by Chaikin, Torquato and coworkers indi-
cated35,42 that aspherical, non-axisymmetric ellipsoids of aspect
ratio 1.25:1:0.8 generate random packings with φ approaching
0.74. As before, we approximated this particular type of ellipsoid
by increasing N until the simulated packing fraction became inde-
pendent of the number of spheres used (Fig. 5). Our simulations
show an asymptotic packing fraction of 0.722±0.005, still smaller
than for the overlapping-sphere trimer. The discrepancy between
this asymptotic φ and earlier reports35 is unlikely to be caused
by residual dimples in the simulated particles, since at N = 104
the individual particle volume differs from that of a completely
smooth ellipsoid by less than 0.7%. We discuss other potential
reasons below.
Fig. 5 Packing density of aspherical ellipsoids with aspect ratio
1.25:1:0.8, approximated with increasing number N of overlapping
spheres.
2 Experimental Validation & Discussion
To verify the simulation results, we printed the overlapping trimer
in hard resin using a high-resolution Objet Connex 350 3D printer.
We produced ∼10,000 individual particles, each with a volume of
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66 mm3 and each of the three constituent spheres with a radius
of 2 mm. For comparison, we also we 3D-printed ∼10,000 as-
pherical ellipsoids of aspect ratio 1.25:1:0.8, each with a volume
of 32 mm3 and an average radius of 2 mm.
In the experiments, the particles were poured into cylinders to
measure the resulting packing density. We mobilized friction by
hand-tapping the packing so that the density asymptotically ap-
proached that of poured, frictionless particles.25 Though other
packing protocols engender different results,7 hand-tapping is
straightforward and feasible in a wide range of practical situa-
tions. We chose tapping over the use of liquid lubricant, because
mixing particles with lubricant tends to introduce small bubbles
that become trapped at the particle-liquid interfaces and can bias
the measured packing density toward higher values.
While the simulations were performed with periodic boundary
conditions in x and y, in the experiments we measured the pack-
ing fraction in finite-sized cylinders, introducing boundary effects
at the walls. To identify and mitigate these effects, we systemat-
ically varied the cylinder diameters and volumes, and filled each
cylinder to a depth sufficient to render effects from the container
floor negligible.
φwall
φ
R
l
Fig. 6 Schematic of particle packing in a cylindrical vessel of radius R.
The darker shaded area indicates the core region of the packing, where
the packing density approaches that of the infinite limit, φ , while wall
effects produce a lower density φwall in an annulus of width l.
In a cylindrical vessel the packing fraction near the wall is
slightly lower due to excess voids, while in the interior the pack-
ing fraction quickly approaches that of an infinite system. The
cross-over between these two regions can be tracked by x-ray to-
mography43 and, as shown by extensive simulations,44 the radial
decay of excess voids from the wall inward is generally well ap-
proximated by modeling it as two coaxial regions of slightly dif-
ferent packing density, φwall inside the boundary layer of width
l adjacent to the wall and φ in the central core region (Fig. 6).
The experimentally measured, net packing density in a cylinder
of inner radius R can then be expressed as25
φexp = φwall
(
1−
(
1− λ
R
l
)2)
+φ
(
1− λ
R
l
)2
(1)
The normalization factor λ is used to express the vessel ge-
ometry in terms of a characteristic particle-scale feature so that
results from different particle types can be compared on the same
plot. It is here set to λ = a = 2mm, the radius of the overlapping
spheres composing the trimer, which is also the average radius of
the apherical ellipsoids. The boundary layer width l is measured
in units of λ . We used Eq. 1 to fit the experimental results and de-
rive the packing density φ for an infinite system by extrapolating
to the limit a/R→ 0.
0.00 0.05 0.10
0.55
0.60
0.65
0.70
0.75
a/R
φ
Overlapping-sphere
        Trimer
Aspherical Ellipse
Fig. 7 Packing fraction for tapped cylinders, as a function of inverse
container radius. The simulation results are plotted at a/R = 0.
Our results for φexp as a function of inverse system size a/R are
plotted in Fig. 7, together with fits to Eq. 1. The shaded re-
gions indicate the range of core packing fractions φ that lie within
each fit’s uncertainty. The best fit to the experimental data for
the overlapping-sphere trimer gives φ = 0.727±0.022, which is
within error of the packing fraction predicted by our simulation,
0.729±0.003, shown on the same plot at a/R = 0. From the fit, we
extract a boundary layer width for the trimer of approximately 3
individual sphere diameters or about 2.1 particle side lengths.
For the ellipsoids, the best fit gives an infinite system packing
fraction φ = 0.682±0.033, less than that found by our simula-
tions, 0.722±0.005, and noticeably lower than the extrapolated
densities near ∼ 0.74 reported earlier.35,42 Some of this discrep-
ancy might be due to differences in the preparation protocol for
the packings as well as in the experimental procedure. Man et al.
followed a somewhat different approach in extrapolating from fi-
nite size containers to derive the packing density of the infinite
system.42 Specifically, by assuming that the change in packing
density as a function of vessel radius is sufficiently small to make
higher order corrections in a/R negligible, Man et al. kept only a
linear extrapolation φ −φexp ∼ a/R.
For our data, it is clear that such a linear relationship would
not be sufficient to describe the observed behavior for either the
trimer or the aspherical ellipsoid. The steep decay in φ for the
ellipsoid as a/R is increased, i.e., as the container diameter is re-
duced, indicates a large boundary layer. At 6.1 particle diameters
this layer is more than twice as wide as that of the overlapping-
sphere trimer. Thus, for the ellipsoid significantly larger contain-
ers are required to minimize the influence of the container walls
and to allow for linear extrapolation.
The large boundary layer of the ellipsoids may also be a rea-
son for the discrepancy between our simulated results and those
predicted by extrapolation from our experiment. In Eq. 1, we as-
sumed that φwall is constant throughout the boundary layer, and
that l is not affected by the curvature of the walls. For a layer
5
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width of 6 particles this may not fully capture the behavior we
see in Fig. 7, and there may indeed be some radial dependence of
φwall that would need to be accounted for in order to extrapolate
to the limit a/R→ 0 more accurately.
However, irrespective of any extrapolation, a striking outcome
from Fig. 7 is that the new trimer particle identified by the evolu-
tionary algorithm outpaces the ellipsoid by packing more densely
at all finite values of a/R, an effect most pronounced for smaller
containers. For applications where the target is to achieve a high
packing fraction this can be a significant practical advantage.
The mechanism by which this dense packing is accomplished
appears to be quite subtle, and so far we have been unable to
link it to structural features in the packed aggregate. This is in
contrast to the case of the non-overlapping-sphere trimer (Fig.
1a), for which the size of the two small ‘ears’ and their bond an-
gle could be associated with efficiently filling interstitial voids be-
tween the larger central spheres.25 In simulations of tetrahedral
particles comprised of four overlapping spheres, Azéma et al. find
non-monotonic behavior of φ with degree of corrugation, where
the highest φ ∼ 0.7 occurs for intermediate corrugation,23 pre-
sumably due to preferential interlocking. The fact that our simu-
lations find very similar packing density (within numerical accu-
racy) for the particle composed of just three overlapping spheres
and the smoothed out triangular version (Figs. 1c & d) suggests
that contacting trimers do not exploit corrugation or dimples to
align.
Their planar structure, however, could induce some alignment
that might lead to (very local) stacking. We can see hints of this in
g(r) (Fig. 3). The small residual dimples in the trimer, while pre-
sumably not driving alignment, nevertheless slightly amplify the
likelihood of certain characteristic configurations between neigh-
boring particles, and the resulting peaks in the left shoulder of
g(r), indicated by the circles in Fig. 3, allow us to pick out the
corresponding particle-particle orientations. The closest possible
distance between the centers of two neighboring trimers, 2a or
one constituent sphere diameter, requires precise on-top stacking
and thus is relatively rare; however, a number of other combina-
tions, such as one 90-degree flipped trimer abutting any one of
the sides of the other are more common. Together with the most
likely arrangement, a side-by-side configuration of two trimers,
they give rise to a large and broad first peak around r = 2.5a.
3 Conclusions
Approximating arbitrary particle shapes by sets of overlapping
spheres, we used an evolutionary algorithm to identify sphere
configurations that maximize the particle density φ for random
packings. We found a class of planar triangular particles that
pack exceptionally well even in finite-size containers, with φ ∼
0.73 far outpacing the random packing density achieved by the
best-performing particles comprised of non-overlapping spheres
and almost approaching the density of crystalline sphere pack-
ings. Specifically, we showed that under identical experimental
conditions these particles outperform aspherical ellipsoids, which
have one of the highest φ values reported previously.
To the extent that the simulation of the virtual experiments can
account for temperature, the methodology introduced here could
be readily extended to optimizing a wide range of other systems,
where shaking or thermal energy introduces random particle mo-
tion. While we focused on a given, fixed sample preparation pro-
tocol, the same type of approach could furthermore be used to
optimize the protocol, for example by tuning a sequence of ‘an-
nealing’ steps. This could be done either for a given particle type
or together with finding the most suitable particle for a specified
system. This framework thus has a compelling ability to tune de-
sired aggregate response in a wide range of applications.
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